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ON THE STRUCTURE OF CATEGORICAL ABSTRACT 
ELEMENTARY CLASSES WITH AMALGAMATION 


MONICA M. VANDIEREN AND SEBASTIEN VASEY 

Abstract. For K. an abstract elementary class with amalgama¬ 
tion and no maximal models, we show that categoricity in a high- 
enough cardinal implies structural properties such as the unique¬ 
ness of limit models and the existence of good frames. This im¬ 
proves several classical results of Shelah. 

Theorem 0.1. Let ^ > LS(/C). IfK, is categorical in a X > 
then: 

(1) Whenever Mq, Mi, M 2 € /C^ are such that Mi and M 2 are 
limit over Mq, we have Mi =Mo ^ 2 - 

(2) If > LS(/C), the model of size X is fj,-saturated. 

(3) If n > ]I1(2ls(;c))+ and X > then there exists a type- 

full good fi-frame with underlying class the saturated models 
in 

Our main tool is the symmetry property of splitting (previously 
isolated by the first author). The key lemma deduces symmetry 
from failure of the order property. 
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1. Introduction 


The guiding conjecture for the classihcation of abstract elementary 
classes (AECs) is Shelah’s categoricity conjecture. Most progress to¬ 
wards this conjecture has been made under the assumption that the 
categoricity cardinal is a successor, e.g. |She991lGVn6illBonl4fl . In this 
paper, we assume the amalgamation property and no maximal models 
and deduce new structural results without having to assume that the 
categoricity cardinal is a successor, or even “high-enough” cohnality. 

Consider an AEG K, with amalgamation and no maximal models 
which is categorical in a cardinal A > LS(/C). Then /C is stable in every 
cardinal below A |She99l Claim 1.7.(b)]; so if cf(A) > LS(/C), then the 
model of size A is cf(A)-saturatec3. In particular, if A is regular then 
the model of size A is saturated. Baldwin |Bal091 Problem D.l.(2)] has 
asked if this generalizes to any “sufficiently large” cardinal A, so let us 
discuss what happens if we have no control over the cofinality of A. 

One strategy to show saturation of the model of size A is to show 
that /C is stable in A. However an example of Hart and Shelah |HS90j 
yields (for an arbitrary k < uj) a. sentence ipk G categorical in 

Kq, Ki,..., Kfc, but not stable in |BK09j or see |Bal091 Corollary 
26.5.4]. Therefore it is not in general true that categoricity in A implies 
stability in A. 

On the other hand, it is true if we assume a locality property for 
Galois types: tameness. This is due to the second author and com¬ 
bines the stability transfer in |Vasa] and the Shelah-Villaveces theorem 
[SV99] . 


Fact 1.1. IfJC is a LS(/C)-fame AEC with amalgamation, has no maxi¬ 
mal models, and is categorical in a X > LS(/C), then fC is stable in every 
cardinal. In particular, the model of size A is saturated. 


Proof. By the Shelah-Villaveces theorem (see Fact 14.4p . /C is LS(/C)- 
superstable (see Definition [2]3]). Let fv > LS(/C). By |Vasbl Proposition 
10.10], /C is /i-sup erst able, so in particular stable in /i. □ 


^Recently, the second author has proved a categoricity transfer theorem without 
assuming that the categoricity cardinal is a successor, but assuming that the class 
is universal |Vasc] (other partial results not assuming categoricity in a successor 
cardinal are in [Vasbj and |She09) b 

^In the sense of Galois types, i.e. M is X-saturated if every Galois type over a 
model of size less than A contained in M is realized in M. This is called “A-Galois- 
saturated” by some authors, but here we always drop the “Galois” (and similarly 
for other concepts such as stability). 
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In this paper, we do not assume tameness: we show that we can 
instead take A sufficiently big (this is ([T]) of the theorem in the abstract, 
see Corollary 14.71 for the proof): 

Theorem 1.2. Let K, he an AEC with amalgamation and no maximal 
models and let /i > LS(/C). If K. is categorical in a X> ^( 2 ^)+, then the 
model of size A is ja-saturated. 

Note that we only obtain /i-saturation, not full saturation (the slo¬ 
gan is that categoricity cardinals above ^( 2 ^*)+ behave as if they had 
cohnality at least /i). However if A = Da this gives full saturation (this 
is used to obtain a downward categoricity transfer, see Corollary I4.9p . 
Moreover /i-saturation is enough for many applications, as many of the 
results of |She99] only assume categoricity in a A with cf(A) > /i (for a 
hxed fi > LS(/C)). For example, we show how to obtain weak tameness 
(i.e. tameness over saturated models) from categoricity in a big-enough 
cardinal (this is Theorem I4.14p . We can then build a local notion of in¬ 
dependence: a good /i-frame (this is ([2D of the theorem in the abstract, 
see Corollary 15.41 for a proof): 

Theorem 1.3. Let fi > D(' 2 ls(k:))+. Assume that K, is categorical in 
some A > D^ 2 ('+)+- Then there exists a type-full good jx-frame with 
underlying class the saturated models in K,^. 

This improves on [Vasal Theorem 7.4], which assumed categoricity 
in a successor (and a higher Hanf number bound). This also (partially) 
answers [She991 Remark 4.9.(1)] which asked whether there is a parallel 
to forking in categorical AECs with amalgamation. 

The key to the proof of Theorem ll.2l is a close study of the symmetry 
property for splitting, identihed by the hrst author in [Vanaj . There it 
was shown (assuming superstability in /i) that symmetry of /x-splitting 
is equivalent to the continuity of reduced towers of size /r, which it¬ 
self implies uniqueness of limit models in /i. It was also shown that 
symmetry of /i-splitting follows from categoricity in In [VVj . we 
improved this by only requiring categoricity in a A of cohnality bigger 
than /i: 

Fact 1.4 (Corollary 5.2 in [VVj ) . Let K, he an AEC with amalgamation 
and no maximal models. Let /x > LS(/C). Assume that K, is categorical 
in a cardinal A with cf(A) > fi. Then K, is fi-superstahle and has fi- 
symmetry. In particular Theorem 0.1], it has unigueness of limit 
models in fi: for any Mq, Mi, M2 G /C^, if Mi and M2 are limit over 
Mq, then Ml =Mq M 2 . 
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Here we replace the cofinality assumption on the categoricity cardinal 
with the assumption that the categoricity cardinal is big enough (this 
also proves ([2]) of the theorem in the abstract, see Theorem I4.5p : 

Theorem 1.5. Let /C be an AEG with amalgamation and no maximal 
models. Let fi > LS(/C). If K, is eategorical in a \ > n( 2 (')+, then K, is 
fi-superstable and has fi-symmetry. In particular, fC has unigueness of 
limit models in fi. 

Remark 1.6. This gives a proof (assuming amalgamation and a high- 
enough categoricity cardinal) of the (in)famous |SV991 Theorem 3.3.7], 
where a gap was identified in the first author’s Ph.D. thesis. The gap 
was fixed assuming categoricity in /i+ in [VanOGt IVanl3j (see also the 
exposition in [GVVj ). In [BGl Corollary 6.10], this was improved to 
categoricity in an arbitrary A > /r provided that /i is big-enough and the 
class satisfies strong locality assumptions (full tameness and shortness 
and the extension property for coheir). In [Vasal Theorem 7.11], only 
tameness was reguired but the categoricity had to be in a \ with cf(A) > 
pi. Still assuming tameness, this is shown for categoricity in any A > 
D( 2 m)+ in |BV1 Theorem 7.1] and in any X > p in |VV1 Theorem 6.4]. 
Finally without tameness the result was proved for any A with cf(A) > pi 
in |VV1 Theorem 0.1]. 

The proof of Theorem 11.51 is technical but conceptually not hard: 
we show that a failure of p-symmetry would give the order property, 
which in turn would imply instability below the categoricity cardinal. 
The idea of using the order property to prove symmetry of an indepen¬ 
dence relation is due to Shelah, |She751 Theorem 6.10(ii)] or see |She901 
Theorem III.4.13]. In [BGKVj . an abstract generalization of Shelah’s 
proof to any independence notion satisfying extension and uniqueness 
was given. Here we adapt the proof of jBGKV] to splitting. This uses 
the extension property of splitting for models of different sizes from 

|W]. 

In general, we obtain that an AEG with amalgamation categorical in 
a high-enough cardinal has many structural properties that were pre¬ 
viously only known for AECs categorical in a cardinal of high-enough 
cofinality, or even just in a successor. This improves several classical 
results from Shelah’s milestone study of categorical AECs with amal¬ 
gamation |She99] . 

This paper was written while the second author was working on a 
Ph.D. thesis under the direction of Rami Grossberg at Carnegie Mel¬ 
lon University and he would like to thank Professor Grossberg for his 
guidance and assistance in his research in general and in this work 
specifically. 
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2. Background 


Throughout this paper, we assume: 

Hypothesis 2.1. /C is an AEC with amalgamation. 

For convenience, we fix a big-enough monster model €. and work in¬ 
side C. This is possible since by Remark 12.41 we will have the joint em¬ 
bedding property in addition to the amalgamation property for models 
of the relevant cardinalities. 

Many of the pre-requisite definitions and notations used in this paper 
can be found in |GVV] . Here we recall the more specialized concepts 
that we use explicitly. We begin by recalling the definition of non- 
splitting, a notion of independence from |She991 Definition 3.2]. 

Definition 2.2. A type p G ga-S(iV) does not ii-split over M if and 


only if for any Ni, 
any / : W =m N 2 , 


N 2 G such that M < < N for I = 1,2, and 

we have f{p \ Ni) = p \ N 2 


The definition of superstability below is already implicit in |SV99] 
and has since then been studied in several papers, e.g. |Van06t IGVVt 
IVasbl [BV| IGV[ IW] . We will use the formulation from |Vasbl Definition 
10 . 1 ]: 

Definition 2.3. /C is /i-sup erst able (or superstable in pj if: 

(1) LS(/C). 

(2) /C^ is nonempty, has joint embedding, and no maximal models. 

(3) K, is stable in /Jj, and: 

(4) p.-splitting in K. satisfies the following locality (sometimes called 
continuity) and “no long splitting chains” properties: 

For any limit ordinal a < , for every seguence {Mi \ i < a) 

of models of cardinality p with Mj+i universal over Mi and for 
every p G ga-S([J^^^ Mi), we have that: 

(a) If for every i < a, the type p \ Mi does not p-split over 
Mq, then p does not p-split over Mq. 

(b) There exists i < a such that p does not p-split over Mi. 

Remark 2.4. By our global hypothesis of amalgamation (Hypothesis 
\2.1\) . if 1C is p-super stable, then /C>^ has joint embedding. 


Remark 2.5. By the weak transitivity property of p-splitting |Vasat 
Proposition 3.7], condition (ffxif} could have been omitted (i.e. it follows 
from the rest). 


That is, I ga-S(M)| < y for all M € /C^. Some authors call this “Galois-stable”. 
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The main tool of this paper is the concept of symmetry over limit 
models which was identihed in |Vanaj : 

Definition 2.6. An abstract elementary class exhibits symmetry for /x- 
splitting (or /x-symmetry for short) if whenever models M, Mq, N G /C^ 
and elements a and b satisfy the conditions 00 below, then there exists 
a limit model over Mq, containing b, so that ga-tp(a/M^) does not 
fi-split over N. See Figure{^ 

(1) M is universal over Mq and Mq is a limit model over N. 

(2) a e M\Mq. 

(3) ga-tp(a/Mo) is non-algebraic and does not fv-split over N. 

(4) ga-tp(6/M) is non-algebraic and does not fi-split over Mq. 



Figure 1. A diagram of the models and elements in the 
dehnition of symmetry. We assume the type ga-tp(6/M) 
does not /x-split over Mq and ga-tp(a/Mo) does not /x- 
split over N. Symmetry implies the existence of M^ a 
limit model over Mq containing b, so that ga-tp(a/M^) 
does not /x-split over N. 

We recall a few results of the hrst author showing the importance of 
the symmetry property: 

Fact 2.7 (Theorem 5 in |Vana] h If JC is pj-superstable and has /x- 
symmetry, then for any Mq, Mi, M 2 G K,^, if Mi and M 2 are limit 
models over Mq, then Mi =Mq M 2 . 

For A > LS(/C), we will write for the class of A-saturated mod¬ 
els in /C>A (we order it with the strong substructure relation induced 
by /C). By |Vanb] superstability and symmetry together imply that the 
union of certain chains of saturated models is saturated. This has an 
easier formulation in |VV1 Theorem 6.6]: 
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Fact 2.8. Assume K, is super stable, super stable, and has 

symmetry. Then is an AEC with LS(/C^^= pA. 

The following downward transfer of the symmetry property was the 
key result of [VVj : 

Fact 2.9 (Theorem 1.1 in |VV] ). Let X > p > LS(/C). Assume that 
/C is superstable in every x ^ [h; U XZ has X-symmetry, then K, has 
p-symmetry. 

It will be convenient to use the following independence notion. A 
minor variation (where “limit over” is replaced by “universal over”) 
appears in [Vasal Dehnition 3.8]. 

Definition 2.10 (Dehnition 3.1 in |VV] ). Let Mq < M < N be models 
with Mq G fC^. We say a type p G ga-S(V) explicitly does not /x-fork 
over {Mo,M) if: 

(1) M is limit over a model containing Mq. 

(2) p does not p-split over Mq. 

We say that p does not /x-fork over M if there exists Mq so that p 
explicitly does not p-fork over (Mq, M). 

Remark 2.11. Assuming p-superstability, the relation “p does not p- 
fork over M” is very close to defining an independence notion with the 
properties of forking in a first-order superstable theory (i.e. a good p- 
frame, see Section W- In fact using tameness (or just, as we will show 
in Section\^ weak tameness) it can be used to do precisely that, see 
[Vasa] . 

/i-Forking has the following properties: 

Fact 2.12. Let p > LS(/C). Assume that K is stable in p. 

(1) [VanOGl 1.4.10, 1.4.12] Extension and unigueness in p: Let M < 
N be in K,^, and p G ga-S(M) explicitly does not p-fork over 
{Mq,M), then there exists a unique q G ga-S(V) extending p so 
that q explicitly does not p-fork over {Mq,M). Moreover q is 
algebraic if and only if p is. 

(2) [VVl Proposition 4.3] Continuity above p: Assume that K. is 
p-super stable. 

Suppose {Mi G /C>^ \ i < 6) is an increasing sequence of 
models so that, for all i < 6, Mj+i is universal over Mi. Let 
p G ga-S(lJ ^^5 Mj). If p ( Mi does not p-split over Mq for each 
i < 6, then p does not p-split over Mq. 

(3) Extension above p: Let X > p. Let M < N be in Let p G 

ga-S(M) be such that p explicitly does not p-fork over {Mq, M). 
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If JC is superstable in every x ^ then there exists q G 

ga-S(iV) extending p and explicitly not p,-forking over {Mq,M). 
Moreover q is algebraic if and only if p is. 

Proof of By induction on ||iV||. Let a realize p. If ||iV|| = ||M|| 
this is given by |VYl Proposition 4.4], If ||M|| < ||A^||, build (iVj G 
fC\\M\\+\i\ '■ i < II^11) increasing continuous such that Nq = M, A^j+i is 
limit over iVj, and ga-tp(a/iVj) explicitly does not /i-fork over (Mq, M). 
This is possible by the induction hypothesis and the continuity property 
of forking. Now Nx is ||A^||-universal over Nq = M, so let / : iV —> Nx- 

Let q := /“^(ga-tp(a//[iV])). It is easy to check that q is as desired. □ 

3. Symmetry from no order property 

In this section we show (assuming enough instances of superstability) 
that the negation of symmetry implies the order property, and hence 
contradicts stability. This is similar to |BGKV[ Theorem 5.14], but 
due to the intricate definition of the symmetry property for splitting, 
some technical details have to be handled. We first give an equivalent 
definition of symmetry. Recall that in [VVl Dehnition 3.3], we gave 
three variations on the symmetry property: 

(1) The uniform /x-symmetry, which is essentially Dehnition 12.61 
(and in fact is formally equivalent to it). 

(2) The non-uniform /x-symmetry, which weakens the conclusion of 
uniform /x-symmetry by “changing” the model N that ga-tp(a/M^) 
does not /x-split over. 

(3) The weak non-uniform /x-symmetry which strengthens the hy¬ 
potheses of non-uniform /x-symmetry by requiring that ga-tp(6/M) 
does not /x-fork, instead of /x-split over Mq. 

There is a fourth possible variation, the weak uniform /x-symmetry 
property, which strengthens the hypotheses of uniform /x-symmetry 
similarly to the weak non-uniform /x-symmetry, but leaves the conclu¬ 
sion unchanged. For clarity we have underlined the differences between 
the weak and non-weak definitions. 

Definition 3.1. Let /x > LS(/C). 

(1) K. has uniform /x-symmetry if for any limit models N,Mq,M 
in JCfj, where M is limit over Mq and Mq is limit over N, if 
ga-tp(6/M) does not p-split over Mq, a G |M|, andga.-tp{a/ Mq) 
explicitly does not p-fork over {N,Mq), there exists G /C^ 
containing b and limit over Mq so that ga-tp(a/M^) explicitly 
does not p-fork over {N,Mq). 
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(2) JC has weak uniform /r-symmetry if for any limit models N, Mq, M 
in JC^ where M is limit over Mq and Mq is limit over N, if 
ga-tp(6/M) does not fv-fork over Mq, a G \M\, andga-tp^a/Mo) 
explicitly does not fi-fork over {N,Mq), there exists G 
containing b and limit over Mq so that ga-tp(a/M^) explicitly 
does not pi-fork over {N,Mq). See Figure\^ 

As noted above, the difference is that in the non-weak version, ga-tp(6/M) 
does not /i-split only over Mq, but in the weak version we require that 
ga-tp(6/M) does not pi-fork over Mq. Thus in the weak version, there 
exists Mq such that Mq is limit over Mq and ga-tp(6/M) does not p- 
split over Mg (but we do not ask that Mg has any relationship to N). 



a 



M^ 


M 


Figure 2. A diagram of the models and elements in 
the dehnition of weak uniform p-symmetry. We require 
that ga-tp(6/M) does not pi-fork over Mq in the weak 
version, so there exists Mg such that Mq is limit over Mg 
and ga-tp(6/M) does not p-split over Mq 


We start by showing that assuming /i-superstability this distinction 
is inessential, i.e. the two properties are equivalent. We will use the 
following characterization of symmetry: 

Fact 3.2 (Theorem 5 in |Vana ] ) . Assume that /C is p.-superstable. The 
following are eguivalent: 

(1) fC has p-symmetry. 

(2) Reduced towers of size p are continuou^. 


^See |GVV| for the definitions of these terms. 
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Lemma 3.3. Assume that K, is super stable. The weak uniform fi- 
symmetry is equivalent to uniform fi-symmetry which is equivalent to 
pi-symmetry. 

Proof. That uniform /i-symmetry is equivalent to /i-symmetry is easy 
(it appears as |VVl Proposition 3.5]). Clearly, uniform implies weak 
uniform. Now assuming weak uniform symmetry, the proof of (fT j) ^ 
of Fact 13.21 still goes through. The point is that whenever we consider 
ga-tp(6/M) in the proof, M = for some increasing continuous 

(Mj : i < 6) with Mj+i universal over Mi for all i < 6, and we simply 
use that by superstability ga-tp(6/M) does not /i-split over Mi for some 
i < 6. However we also have that ga-tp(6/M) explicitly does not u-fork 
over (Mj,Mi+i). 

Therefore reduced towers are continuous, and hence by Fact 13.21 /C 
has /i-symmetry. □ 

Next we recall the dehnition of the order property in AECs |She99l 
Dehnition 4.3]. 

Definition 3.4. Let a and A be cardinals. A model M G /C has the 
a-order property of length A if there exists {di : i < A) inside M with 
i{di) = a for all i < X, such that for any i^ < Jq < X and ii < ji < X, 
ga-tp{di^djJiD) ^ ga-tp(ajiaii/0). 

We say that K, has the a-order property of length A if some M E 1C 
has it. We say that 1C has the a-order property if it has the a-order 
property of length X for all cardinals X. 


We will use two important facts: the hrst says that it is enough 
to look at length up to the Hanf number. The second that the order 
property implies instability. 

Definition 3.5. For X an infinite cardinal, h{X) :=D( 2 A)+. 

Fact 3.6 (Claim 4.5.3 in |She99] h Let a be a cardinal. If 1C has the 
a-order property of length X for all X < h{a -\- LS(iF)), then 1C has the 
a-order property. 


Fact 3.7. If K, has the a-order property and pi > LS(/C) is such that 
p, = /i“, then K is not stable in p. 


Proof. By |She99l Claim 4.8.2] 
there exists M G 
3.1], 1C is not stable in p. 


IC^ such that 


(see |BGKV( Fact 5.13] for a proof), 
|ga-S“(M)| > p. By [Bon( Theorem 

□ 


The following lemma appears in some more abstract form in |BGKVl 
Lemma 5.6]. The lemma says that if we assume that p does not /x-fork 
over M, then in the dehnition of non-splitting (Dehnition 12.2p we can 
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replace the Ni by arbitrary sequences in N of length at most jj,. In the 
proof of Lemma 13.91 this will be used for sequences of length one. 

Lemma 3.8. Let fi > LS(/C). Let M G /C^ and N G /C>^ he such that 
M < N. Assume that K, is stable in ja. If p G ga-S(iV) does not p-fork 
over M (Definition \2.1 0\) . a realizes p, and 61,62 G -^\N\ are such that 
ga-tp( 6 i/M) = ga-tp( 62 /M), then ga-tp(a6i/M) = ga-tp(a 62 /M). 

Proof. Pick Nq G /C^ containing 6162 with M < Nq < N. Then p \ Nq 
does not /i-fork over M. Replacing N by Nq if necessary, we can assume 
without loss of generality that N G /C^. By dehnition of /i-forking, there 
exists Mq G such that Mq < M and p does not p-split over Mq. By 
the extension and uniqueness property for /i-splitting there exists N' 
extending N of cardinality p so that N' is universal over both N and 
M, and ga-tp(a/A^') does not p-split over Mq. Since ga-tp( 6 i/M) = 
ga-tp( 62 /dP) and since N' is universal over N, we can hnd f : N ^ N' 

so that /( 61 ) = 62 . Since ga-tp(a/A^') does not //-split over Mq we know 
ga-tp(/(a)//(A^)) = ga-tp(a//(A^)). By our choice of / this implies 
that there exists g G Aut/(Ar)(^) so that g{f{a)) = a, g \ M = id-M, 
and ( 7 ( 62 ) = 62 . In other words ga-tp(/(a) 62 /M) = ga-tp(a 62 /M). 
Moreover f~^ witnesses that ga-tp(a 6 i/M) = ga-tp(/(a) 62 /M), which 
we have seen is equal to ga-tp(a 62 /M). □ 

The next lemma shows that failure of symmetry implies the order 
property. The proof is similar to that of |BGKV1 Theorem 5.14], the 
difference is that we use Lemma 13.81 and the equivalence between sym¬ 
metry and weak uniform symmetry iLemma 13.31) . 

Lemma 3.9. Let X > p > LS(/C). Assume that K, is superstable in 
every x ^ //A does not have p-symmetry, then it has the 

p-order property of length X. 

Proof. By Lemma [T3l K does not have weak uniform //-symmetry. We 
hrst pick witnesses to that fact. Pick limit models iV, Mq, M G K,^ 
such that M is limit over Mq and Mq is limit over N . Pick 6 such 
that ga-tp( 6 /M) does not //-fork over Mq, a G |M|, and ga-tp(a/Mo) 
explicitly does not //-fork over (A^, Mq), and there does not exist Mf, G 
}Cfj_ containing 6 and limit over Mq so that ga-tp(a/M;,) explicitly does 
not //-fork over (iV, Mq). We will show that C has the //-order property 
of length A. 

We build increasing continuous (AA : a < A) and (oq, 6 q, Nf : a < X) 
by induction so that for all a < A: 

(1) No„K e /C^+H- 

( 2 ) Nq is limit over M and 6 G |Ao|- 
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( 3 ) ga-tp(aa/Mo) = ga-tp(a/Mo) and G |i\d |. 

(4) ga-tp( 6 o/M) = ga-tp( 6 /M) and e |^^a+i|- 

(5) i\d is limit over and N^+i is limit over Ad. 

( 6 ) ga-tp(aQ/A^"Q,) explicitly does not p-fork over (A^, Mq) and ga-tp( 6 o/Ad) 
does not p-fork over Mq. 

This is possible. Let Aq be any model in K,^ containing M and a and 
limit over M. At a limits, let := lj/ 3 <a ^I3- Now assnme indnctively 
that Ng has been defined for [3 < a, and O/?, 6 / 3 , have been defined 
for (3 < a. By extension for splitting, find q G ga-S(A^Q,) that explicitly 
does not /i-fork over [N, Mq) and extends ga-tp(a/Mo). Let realize q 
and pick Ad limit over Na containing Oq,. Now by extension again, find 
q' G ga-S(Ad) that does not p-fork over Mq and extends ga-tp( 6 /M). 

Let ba realize q' and pick A'"q,_|_i limit over Ad containing b^. 

This is enongh. We show that for a, P < X: 

( 1 ) ga-tp(a„ 6 /Mo) ^ ga-tp(a 6 /Mo) 

(2) li [3 <a, ga-tp{ab/Mo) 7 ^ Mq). 

( 3 ) If /5 > a, ga-tp(a 6 /Mo) = ga-tp(aa 6 / 3 /Mo). 

For ([T]), observe that b G |Ao| ^ |-Nq,| and ga-tp(aQ/A"Q) explic¬ 
itly does not p-fork over {N,Mq). Therefore by monotonicity Na wit¬ 
nesses that there exists Nb G /C^ containing b and limit over Mq so 
that ga-tp(ao,/Mb) explicitly does not /i-fork over {N,Mq). By fail- 
nre of symmetry and invariance, we mnst have that ga-tp(aQ, 6 /Mo) 7 ^ 
ga-tp(a 6 /Mo). 

For ([2]), snppose (3 < a. We know that ga-tp(aQ,/A"Q,) does not /i-fork 
over Mq. Since (3 < a, b,bi 3 E |A^q,| and ga-tp( 6 /M) = ga-tp^bp/M), we 
mnst have by Lemma iTSl that ga-tp{aab/M q) = ga-tp(aa 6 / 3 /Mo)ll. 

Together with ([T]), this implies ga-tp(a 6 /Mo) 7 ^ ga-tp(aQ, 6 / 3 /Mo). 

To see ([3]), snppose (3 > a and recall that (by ([T])) ga-tp(afo/Mg) = 
ga-tp(a^ 6 /Mo). We also have that ga-tp( 6 ^/A(^) does not /i-fork over 
Mq. Moreover ga-tp(a/Mo) = ga-tp(aQ,/Mo), and a, Oq, G N^. By 
Lemma 13.81 again, ga-tp^abg /Mq) = ga-tp^aabp /Mq). This gives ns 
that ga-tp(a 6 /Mo) = ga-tp(aQ 6 ^/Mo). 

Now let d be an ennmeration of Mq and for a < A, let := Qabad. 

Then ([2]) and ([ 3 ]) together tell ns that the seqnence (cq, | a < A) 
witnesses the /i-order property of length A. □ 


®This is really where we use the equivalence between uniform /i-symmetry and 
weak uniform /i-symmetry: if we only had failure of uniform /t-symmetry, then we 
would only know that ga-tp(6/M) does not fi-split over Mq, so would be unable to 
use Lemma [T51 
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Theorem 3.10. Let fi > LS(/C). Then there exists A < hi^jj) such that 
if 1C is superstable in every x ^ '^)7 then 1C has fi-symmetry. 

Proof. If /C is unstable in 2^, then we can set A := (2^)"'" and get a 
vacuously true statement; so assume that /C is stable in 2^. By Fact 
13.71 fC does not have the /x-order property. By Fact 13.61 there exists 
A < h{p) such that /C does not have the /x-order property of length A. 
By Lemma [XU it is as desired. □ 

Remark 3.11. How can one obtain many instances of superstability 
as in the hypothesis of Theorem \3.10\ ? One way is categoricity, see the 
next section. Another way is to start with one instance of superstability 
and transfer it up using tameness. Indeed by |Vasbl Proposition 10.10], 
if 1C is pi-superstable and pi-tame, then it is superstable in every p.' > p. 
Thus Theorem generalizes |VVl Theorem 6.4] which obtained p- 
symmetry from p-superstability and p-tameness. 

4. Symmetry and categoricity 

In this section, we apply Theorem 13.101 to categorical classes. We 
will use notation from Chapter 14 of |Bal09] (recall from Dehnition 13.51 
that h(A) := D( 2 A)+): 

Definition 4.1. Torn < u, define inductively: 

(1) Ro:=LS(/C). 

(2) Hn+i := h{Hn). 

Throughout this section, we assume (in addition to amalgamation) 
that K, has no maximal models. This is not a big deal because we can 
always take a tail of the AEG to obtain it: 

Fact 4.2 (Proposition 10.13 in [Vasb] ). If 1C is an AEG with amalga¬ 
mation categorical in a \ > Hi, then there exists x < Hi such that 
1C>^ has no maximal models. 

Hypothesis 4.3. /C is an AEC with amalgamation and no maximal 
models. 

The following powerful fact has its roots in [SV991 Theorem 2.2.1], 
where it was proven assuming the generalized continuum hypothesis 
instead of amalgamation. This is the main tool to obtain superstability 
from categoricity. Its proof relies on Ehrenfeucht-Mostowski models, 
which is why we assumed no maximal models. 

Fact 4.4 (The Shelah-Villaveces theorem. Theorem 6.3 in |GVj L Let 
X> p> LS(/C). If K, is categorical in X, then 1C is p-superstable. 
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Combining this fact with Theorem 13.101 we obtain symmetry from 
categoricity in a high-enough cardinal: 

Theorem 4.5. Let /x > LS(/C). Assume that K, is categorical in a 
X > Then fC is fi-superstable and has ^.-symmetry. 

Proof. By the Shelah-Villaveces theorem (Fact I4.4I1 . /C is /x'-superstable 
in every /i' G [/x, A). By Theorem 13.101 /C has /i-symmetry. □ 

Combining Theorem 14.51 with consequences of symmetry, we deduce: 

Corollary 4.6. Let /i > LS(/C). Assume that K, is categorical in a 
A > For any Mq, Mi, M 2 G fCfj,, if Mi and M 2 are both limit over 

Mq, then Ml =Mo M 2 . 

Proof. By Theorem 14.51 and Fact 12.71 □ 

Corollary 4.7. Let fv > LS(/C). Assume that K. is categorical in a 
A > h(/Xg ). Then the model of size A is fi-saturated. 

Proof. We check that the model of size A is pg-saturated for every 
fio ^ [LS(/C),/i). Fix such a /xq. By Theorem 14.51 /C is /xo-superstable, 
Po-superstable, and has /Xg -symmetry. By Fact 12.81 /C^o the class 
of /Xg-saturated models in is an AEC with Lowenheim-Skolem 

number /x^. Since it has arbitrarily large models, it must have a model 
of size A, which is unique by categoricity. □ 

We immediately obtain a downward categoricity transfer. We will 
use: 


Fact 4.8 (The AEC omitting type theorem, II. 1.10 in [SheQQj h Let 
A > X > LS(/C). If K, is categorical in A and the model of size A is 
X'^-saturated, then every model in /C>h(x) x~^-saturated. 

Corollary 4.9. Let /x = > LS(/C). Assume that /C is categorical in 

a \ > fi. Then K, is categorical in fi. 

Proof. By Corollary 14.71 the model of size A is /x-saturated. By Fact 
14.81 every model in /C>^ is /x-saturated. In particular, every model of 
size /X is saturated. By uniqueness of saturated models, /C is categorical 
in fi. □ 


Remark 4.10. For Corollary 4-9, Fact f-S shows that the no maximal 
models hypothesis is not necessary. 


Remark 4.11. Corollary appears as [Vasbl Theorem 10.16] with 
an additional assumption of {< fi)-tameness. 
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We can improve on Corollary 14.91 using the more powerful downward 
transfer of |She99] . A key concept in the proof is the following vari¬ 
ation on tameness (an important locality for Galois types isolated by 
Grossberg and the hrst author in |GV06bj ). We use the notation in 
|Bal091 Dehnition 11.6]. 

Definition 4.12. Let x,/i be cardinals with LS(/C) < x ^ L- K. is 
(x,/i)- weakly tame if for any saturated M G any p,q E ga-S(M), 
if p ^ q, there exists Mq G with Mq < M and p \ Mq ^ q ( Mq. 

The importance of weak tameness is that it is known to follow from 
categoricity in a suitable cardinal: this appears as |She991 Main Glaim 
II.2.3] and a simplihed improved argument is in |Bal091 Theorem 11.15]. 

Fact 4.13. Let X > p > Hi. Assume that K. is categorical in X, and 
the model of cardinality X is -saturated. Then there exists y < ifi 
such that fC is (y,/i)-weaf/i/ tame. 

We obtain: 

Theorem 4.14. Let p > LS(/C). Let X > h{p'^). If K, is categorical in 
X, then there exists y < ifi such that fC is p)-weakly tame. 

Proof. By Gorollary 14.71 the model of size A is /i+-saturated. Now 
apply Fact 14.131 □ 

We can derive the promised strenghtening of Gorollary 14.91 By the 
proof of |Bal09l Theorem 14.9] (originally |She991 II. 1.6]): 

Fact 4.15. If K, is categorical in a X > H 2 , /C is {X) H 2 )-weakly tame 
for some y < ifi, and the model of size X is x-saturated, then /C is 
categorical in H 2 . 

Theorem 4.16. If K. is categorical in a X > h{Hf), then K. is cate¬ 
gorical in H 2 . 

Proof. By Theorem 14.141 there exists y < if 1 such that /C is (y, H 2 )- 
weakly tame. By Gorollary 14.71 the model of size A is y-saturated. Now 
apply Fact 14.151 □ 


Remark 4.17. IFe can replace H 2 above by any collection cardinal, 
see |Bal09[ Dehnition 14.5] and the proof of Theorem If.9 there. 
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5. Good frames and weak tameness 

In |Shen9l Definition Shelah introduces good frames, a local 

notion of independence for AECs. This is the central concept of his 
book and has seen many other applications, such as a proof of Shelah’s 
categoricity conjecture for universal classes |Vasc] . A good fi-frame is 
a triple 5 = (/C^, -A, ga-S’’®) where: 

(1) /C is a nonempty AEG which has /i-amalgamation, /r-joint em¬ 
bedding, no maximal models, and is stable in /i. 

(2) For each M e /C^, ga-S'’®(M) (called the set of basic types 
over M) is a set of nonalgebraic Galois types over M satisfying 
(among others) the density property, ii M < N are in /C^, there 
exists a G |A^|\|M| such that ga-tp(a/M; A) G ga-S’’®(M). 

(3) A is an (abstract) independence relation on types of length one 
over models in )Cx satisfying the basic properties of first-order 
forking in a superstable theory: invariance, monotonicity, ex¬ 
tension, uniqueness, transitivity, local character, and symmetry 
(we will not give their exact meaning here). 

As in |She091 Definition II.6.35], we say that a good /i-frame s is 
type-full if for each M G /C^, ga-S’’®(M) consists of all the nonalgebraic 
types over M. We focus on type-full good frames in this paper. Given 
a type-full good /i-frame s = (/C^, A, ga-S'’’^) and Mq < M both in 
/C^, we say that a nonalgebraic type p G ga-S(M) does not s-fork over 
Mq if it does not fork over Mq according to the abstract independence 
relation A of s. We say that a good /i-frame s is on K,^ if its underlying 
class is /C^. 

It was pointed out in |Vasaj (and further improvements in [Vasb( 
Section 10] or |VV1 Theorem 6.12]) that tameness can be combined 
with superstability to build a good frame. At a meeting in the winter 
of 2015 in San Antonio, the first author asked whether weak tameness 
could be used instead. This is not a generalization for the sake of 
generalization because weak tameness (but not tameness) is known to 
follow from categoricity. As it turns out, the methods of |VV] can be 
used to answer in the affirmative: 

Theorem 5.1. Let A > /r > LS(/C). Assume that K is superstable in 
every x G [/i. A] and has X-symmetry. 


®We do not mention Shelah’s axiom (B) requiring the existence of a superlimit 
model of size y. In fact several papers (e.g. |JS13j ') define good frames without this 
assumption. However the good frame that we build here is categorical in y, hence 
has a super limit. 
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If JC is (/X, X)-weakly tame, then there exists a type-full good \-frame 
with underlying class the saturated models in 1C\. 

Proof. First observe that limit models in /Ca are unique (by Fact 12.7p . 
hence saturated. By Fact 12.91 /C has y-symmetry for every y G [/x, A]. 
By Fact 12.81 for every y G [/x, A), the class of y’''-saturated 

models in /C>^+ is an AEC with = y+. Therefore (see 

|VV( Lemma 6.7]) is an AEC with LS(/C^'®^*) = A. By the A- 

superstability assumption, is nonempty, has amalgamation, no 

maximal models, and joint embedding. It is also stable in A. We want 
to dehne a type-full good A-frame s on We dehne forking in 

the sense of s (s-forking) as follows: For M < N saturated of size A, a 
nonalgebraic p G ga-S(A^) does not s-fork over M if and only if it does 
not /x-fork over M. 

Now most of the axioms of good frames are verihed in Section 4 
of |Vasaj ■ the only properties that remain to be checked are exten¬ 
sion, uniqueness, and symmetry. Extension is by Fact I2.12[(P]) . and 
uniqueness is by uniqueness in /x (Fact l2.12h lT])j and the weak tame¬ 
ness assumption. As for symmetry, we know that A-symmetry holds, 
hence we obtain the result by Section 3 of |VV] . □ 

Remark 5.2. // A = /x’*' above, then the hypotheses reduce to “K, is 
superstable in /x and /x’*' and K, has -symmetry”. 

Of course we can now combine this construction with our previous 
results: 

Corollary 5.3. Let A > /x > LS(/C). Assume that /C is superstable 
in every y G [/x, h(A)). If K, is {fx, X)-weakly tame, then there exists 
a type-full good X-frame with underlying class the saturated models in 

/Ca. 

Proof. Combine Theorem 15.11 and Theorem 13.101 □ 

We obtain that a good frame can be built from categoricity in a 
high-enough cardinal (of arbitrary cohnality). 

Corollary 5.4. Let Hi. Assume that K, has no maximal models 
and is categorical in a X > p. If the model of size X is p'^-saturated 
(e.g. x/cf(A) > p or by Corollary \4.7\ if X > h{p~^)), then there exists 
a type-full good p-frame with underlying class the saturated models in 

IC,. 

Proof. By Fact 14.131 there exists y < FTi such that /C is (y, /x)-weakly 
tame. By the Shelah-Villaveces theorem (Fact 14.4p . /C is superstable 
in every y' G [y. A). By the proof of Fact 11.41 (which only uses that 
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the model of size A is /x+-saturated), /C has /x-symmetry. Now apply 

Theorem 15.11 with (/x, A) there standing for (x,/x)-here. □ 
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